Per-unit mutuals
(See Section 4.11)

A useful observation regarding per-unit values of MF, MD, and MR:
Recall our definitions of the D-axis k-factors:
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and that we developed that (see eqs. 4.54 and page 12 of pu notes):
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From the first and fourth expression in eq (1), we have:
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Thus, 
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Likewise, from the first and fifth, and from the fourth and sixth expressions in eq (1), we have:
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Thus,


[image: image8.wmf]md

D

DB

B

L

kM

I

I

=

  and    
[image: image9.wmf]F

R

DB

B

kM

M

I

I

=

 

(3)
From the definitions of the k-factors, and eqs (2) and (3), we have:
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Also, from eq. 4.57 in text (also see page 13 of pu notes), we find
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Now, recall the elements in the per-unitized voltage equations as given by eq. 4.74’ (see page 20 of pu notes). 
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4.74’
In particular, consider the mutual terms in the last matrix for the d-axis. This would be the upper left-hand 3x3 block. These terms, in pu, are by definition the ratio of the term in MKS to the appropriate base. Therefore:

· Stator-field mutual: 
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Substituting for MFB from eq. (5) and then kF from eq. (4) results in:
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· Stator-D-winding damper mutual: 
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Substituting for MDB from eq. (5) and then kD from eq. (4) results in:
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· Field-D-winding damper mutual: 
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Substituting for MRB from eq. (5) and then kF and kD from eq. (4) (using the second expression for kD in eq. (4)) results in:
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Important fact: In per-unit, all d-axis mutuals are numerically equal! We will define a new term for them, LAD, as the per-unit value of any d-axis mutual inductance, so that:
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Also note that, since the mutual is the difference between the self and the leakage, this implies 

Ldu-ldu=LDu-lDu=LFu-lFu=LAD
The above relations are given in eqs. 4.107 and 4.108 in your text.
We can go through a similar process for the q-axis mutuals (from 4.74’, we see that these are the terms in the lower right-hand block of the matrix, kMQ, kMG, and MY). I will leave this for you to do. The result is:
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Lqu-lqu=LQu-lQu=LGu-lGu=LAQ
The above relations are given by eq. 4.109 in your text, except for the addition of the G-term and the Y-term.

LAD and LAQ are very important for drawing the equivalent circuits.

They are also important in dealing with saturation because they provide for the definition of the per-unit mutual flux (we will see this in our development of the flux-linkage state-space model).
Equivalent Circuits
(See Section 4.11)
Let’s return to the voltage equations that we had before we folded in the speed voltage terms. They were:
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Assume all of the above is in per-unit (but we have dropped the u-subscript).
There is some advantage to re-writing these equations in terms of LAD and LAQ. For example, consider the d-axis equation. It is:
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Recall that Ld=Lmd+ld( Lmd=Ld-ld
Let’s modify the d-axis voltage equation by adding and subtracting ld (did/dt) :
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which can be written as:
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The advantage to this is that, in per-unit, we recall that Ld-ld=kMF=kMD(LAD. Therefore,
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Let’s repeat this for the G-axis equation, which is, from the matrix equation at the top….
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Let’s modify the G-winding voltage equation by adding and subtracting lG (diG/dt) :
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which can be written as:
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The advantage to this is that, in pu, we have LG-lG=kMG=MY(LAQ.
Therefore
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Repeating this procedure for the F, D, and q equations, and then summarizing, we obtain:

D-axis relations:
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Q-axis relations:
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We desire to draw circuits that are characterized by these equations.
Note:

· The D-axis relations are coupled through the LAD terms. 

· This term, for each equation, may be represented by a single “center” branch. 

· The other terms, for each equation, may be represented as single branches which feed the center branch.

This results in the circuit of Fig 4.5 in your text.

Similar reasoning results in the circuit of Fig. 4.6 in your text. 

We redraw these circuits below.
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Direct-axis equivalent circuit:

The above is the same as Fig. 4.5 in your text

[image: image40.emf] 

i Q +i G +i q  

r   l q  

L AQ  

l Q  

r G  

l G  

  --   +  

r Q  

i d  

v d   i Q   i G  

  d  


Quadrature-axis equivalent circuit:

The above is the same as Fig. 4.6 in your text, except we have included the G-circuit
The ability to draw these circuits is a direct result of the LAD and LAQ relations that occur only in per-unit. Therefore, it is important to be in the per-unit system when utilizing these circuits.

These equivalent circuits are useful for:

· Remembering the voltage relations

· Gaining physical understanding of relations between d-q-F-D-Q-G quantities.

· Reading the literature, where you will see them often.
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