Brief Review of Linear System Theory
The following information is typically covered in a course on linear system theory. At ISU, EE 577 is one such course and is highly recommended for power system engineering students.

We have developed a model that appears as
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We may write this more compactly as
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where the “(” is implied.

Taking the LaPlace transform, with initial conditions x(0), we have:
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Factoring out the vector X(s) results in:
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where I is the identity matrix of same dimension as A. 
Pre-multiplying both sides by [sI-A]-1, we get:
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(L-1)
and taking the inverse-LaPlace transform leads to
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(L-2)
Note that in the above, we implicitly assumed that [sI-A] is non-singular (this requires that our system have distinct eigenvalues).
Recall that a matrix inverse  is the adjoint divided by the determinant, i.e., K-1=Adj(K)/det(K).  

Applying this to eq. (L-1), we have:
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The determinant of a matrix is a scalar quantity, and in this case, it is a scalar polynomial in the LaPlace variable “s” so that:
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Such a polynomial may always be factored in the form:
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where the (k, k=1, …, n are the roots of the polynomial.
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(L-3)

Eq. (L-3) expresses the n-dimensional vector X(s) as a function of 

1. The n(n matrix Adj[sI-A],

2. The n(1 vector x(0)
3. The factored polynomial (s+(1)(s+(1)…(s+(n)

Note that the numerator is the product of an n(n matrix and an n(1 vector and therefore it is n(1, which is the dimension of the right-hand-side and thus the vector X(s). This is as it should be, since X(s) is the vector of states, and there should be n states.

It will always be possible to use partial fraction expansion to express eq. (L-3) in the following way:
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(L-4)
where each Rk(s) is an n(1 vector. The inverse LaPlace transform will then appear as:
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The (k, k=1,…,n are, in general, complex, such that (k=(k+j(k. 

The (k, k=1,…,n are called the system eigenvalues.

We see that the system eigenvalues (k, k=1,…,n dictate the nature of the system in terms of the system modal response, where each (k corresponds to a system mode. These modes may be oscillatory or non-oscillatory, damped or undamped.
1. Oscillatory: 
· Any mode with (k(0 is oscillatory. If there exists an (k=(k+j(k such that (k(0, then there will exist a corresponding (k=(k-j(k. These two eigenvalues correspond to the same system mode.
· Any mode with (k=0 is non-oscillatory.

2. Damping: Any mode having (k=(k(j(k, 

a. with (k>0 is negatively damped (unstable) 

b. with (k<0 is positively damped (stable)

c. with (k=0 is marginally damped.

Right eigenvectors:
For each eigenvector, (k, k=1,…,n, there exists an N-element vector pk such that 
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Since there are n eigenvalues, there are n right eigenvectors. 

We may form a matrix of these n right eigenvectors as follows:


[image: image15.wmf][

]

n

p

p

P

...

1

=


The above matrix, P, is called the modal matrix.

Left eigenvectors:

For each eigenvector, (k, k=1,…,n, there exists an N-element vector pk such that 
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Since there are n eigenvalues, there are n right eigenvectors. 

We may form a matrix of these n rleft eigenvectors as follows:
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Some properties:

For any two eigenvalues, (j, (k, then
· For j(k, qj and pk are orthogonal, i.e., 
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· For j=k, 
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where c is a constant. A simple scaling of either the right or the left eigenvector will provide that
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From the above two properties, we have that:


[image: image21.wmf]1

-

=

P

Q

T


Note that: 

· PP-1=I 

· [Q]T QT=I
We can illustrate calculation of the right and left eigenvectors using the sample system given in the book (fig. 2.19, and example 3.2), having state-space model of 
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Observe the eigenvalues in table 3.2. Also observe the relative rotor angle plots of fig. 3.3-b, where we see that one mode can be clearly observed having a period of about 0.7 sec (f=1.4 hz). The other mode is not readily observable, although its presence is probably responsible for the distortion seen in the (31 plot.

Also show the eigenvalue calculations from Matlab here.
The numerators of eq. (L-4)
Let’s return to eq. (L-4), which is restated here for convenience:
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What are the Rk?

To answer this, let’s return to eq. (L-1), which is:
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Let’s pre-multiple the right-hand side by PP-1 and post-multiply the right-hand-side by [QT]-1 QT. This is fine, since both of these products yield the identity. This results in:
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Bracket the inner products:
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We can show that:
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where 
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(The proof is on the attached page 16 as the footnote).

Then, we have that:
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Note carefully that the matrix being inverted is a diagonal matrix. Therefore, 
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Taking the inverse LaPlace transform, we obtain:
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(L-5)
This is a very important relationship. It shows how we can use the right eigenvalue to determine the shape of the kth mode. 
Inspective eq. (L-5), we see that pk determines the relative distribution of the mode through the state variables. To see this, note that  

· 
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 is scalar
· pk and x(t) are vectors.

If the states are limited to only the generator inertial states (( and ((, then each element of pk gives the relative distribution of the mode in a particular generator’s angle or speed.

The right eigenvector does NOT give you how MUCH the state influences the mode (which is also determined by 
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), but it does give you the relative phase of each state in that mode. Thus, if you plot the phase for the (( state of each generator, you can see which generators are swinging against one another. 

Some interesting ways of illustrating the relative phase of each ((k as determined by the pk’s are shown in some papers that I will make available to you:

· Klein, Rogers, and Kundur, “A fundamental study of interarea oscillations in power systems.” See page 915-916.
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