Transmission Planning via Optimization
Assignment: 
1.0 Types of Optimization Problems
With this set of notes, we conclude our discussion on planning and transition to a treatment of integer programming. This is appropriate since the objectives of this course are to treat the three subjects of power system economics, power system planning, and related optimization methods.
We have already had some experience with what may be rightly called the most heavily utilized optimization method – linear programming (LP) – when we studied locational marginal pricing (LMPs), the optimal power flow, and economic competitive equilibria.

The LP is an optimization method that may be applied when the decision variables are continuous valued and the objective function and all constraints are all linear in those decision variables. 
Relative to an LP, optimization problems may have one of two different features that require major changes in the solution approach. The first is if there are any nonlinear terms in decision variables in either the objective function or in any of the constraints. If so, the problem becomes a nonlinear programming problem, and except in some specialized cases, is not amendable to solution by LP. 

The second feature that an optimization problem may have is that one or more decision variables is required to be discrete. Such decision variables must be integer in the solution. In this case, the problem becomes an integer programming problem and is also not amenable to solution by LP. 

2.0 Overview of Integer Programming Applications in Power
Many integer optimization problems contain both continuous decision variables and integer decision variables. Such problems are called mixed-integer programming problems. 

The most common type of integer programming problem is when the decision variables are required to be not only discrete (integer) but also binary, i.e., 0 or 1. 
There are a large number of applications within power system engineering for which we must solve mixed-integer binary optimization problems. Three very important ones are mentioned here.
2.1 Unit Commitment
The unit commitment (UC) problem has the same objective as the economic dispatch problem, to minimize production costs. However, there are three significant differences:

· The problem is typically solved for a longer period of time – say 1 week (economic dispatch is generally solved for 1 hour).

· The assumption that units are interconnected is lifted. Therefore it is required to minimize the production costs given the additional degree of freedom that a unit may be interconnected (1) or not (0). This is why the optimization problem is mixed.
· Additional constraints must be included on start-up costs and ramp rates. Without these very important and very real constraints (all units can be started instantly and for no cost), the UC problem degenerates to a series of sequential economic dispatch problems.
2.2 Maintenance Scheduling

The maintenance scheduling problem, for either generation or transmission, can be posed in two ways.

· Minimize cost of maintaining equipment over a time period (say a year to conform to the budget cycle) subject to 

· a constraint on cumulative risk reduction (from the maintenance);

· a constraint on risk level during any maintenance-related outage.

· Maximize risk reduction obtained from the maintenance tasks subject to

· a constraint on the budget

· a constraint on risk level during any maintenance-related outage.

The problem is a binary integer programming problem because the decision for each candidate maintenance task is either to do it (1) or not (0).

2.3 Network expansion

The network expansion problem is a very complex problem, involving 

· the interplay between resource needs and transmission needs

· decisions taken over an extended period of time

· uncertainty, since the time is in the future.
As a result, solution to the network expansion problem requires an extended process involving a great deal of human interaction. It is generally not possible to solve such a problem with a single optimization formulation. However, we may solve simplified versions of the problem which can be used to guide the actual solution. 
The problem is mixed because it involves (a) the minimization of production costs (a function of the continuous variable Pk at each plant) and (b) the minimization of investment costs, where an investment is to either build a new circuit (1) or not (0).
We will pose such a problem in Section 4.0. First, however, we review first the time value of money.
3.0 Time value of money
This material should be familiar to you from your Engineering Economy course (IE 305). 

A dollar today is more valuable than a dollar in 5 years because of at least the following two reasons [1]:

· Inflation: The purchasing power of a dollar in 5 years will be less than it is today.

· Return: A dollar today can be invested and therefore provide a return. If the investment of that dollar (and the corresponding return) is delayed 5 years, than that return is lost.

We must account for these factors in evaluating alternatives that are expected to have financial streams at different times in the future. To do that, we make use of the present valuing technique, which transforms any income or expenditure in the future to an equivalent valuation in the present.
Define r as the period discount rate, a factor 0<r<1 which accounts for both inflation and the expected rate of return. It is defined as how much a dollar invested today will increase in value in one period. Thus, if we define F(1) as the value of an investment in one period, and PV as the value of the investment today, then 
F(1) =PV(1+r)



(1)
This implies that

PV=PV(0)=F(1)/(1+r)

(2)

If we want to express an outlay in year 2 as an equivalent value in period 1, we will get 

PV(1)=F(2)/(1+r)


(3)

Then expressing this as an equivalent value today, we get, by combining (2) and (3)

PV(0)=PV(1)/(1+r)=F(2)/(1+r)2
(4)

From this, we may generalize that an amount of money in period t will have a present value (today) of:

PV=F(t)/(1+r)t



(5)

Defining the discount factor as

β(t)=1/(1+r)t



(6)

eq. (5) becomes

PV= β(t) F(t)



(7)

We will use the discount factor in our optimization formulation.

4.0 Mixed integer programming formulation to network expansion
The formulation given in this section is adapted from that given in Section 6.3 of [2].

Our model is based on the following assumptions:

· The planning horizon is over Nt periods with the variable t representing a single period so that t=1,…, Nt. A period could be a single year, but it may be more appropriate to cover the range of loading conditions that it be quarters (i.e., fall, winter, spring, summer).
· Peak loading conditions are modeled for each period, and it is assumed that these conditions are constant throughout the period.
· All costs of planning and building a new transmission circuit are incurred in the period that the new circuit goes into service.

4.1 Objective function
The objective function is a combination of two costs:

· Aggregate production costs in future periods: We make the following definitions:
· Ck(t) is average cost of producing 1 per-unit power at node k during period t. It has units of $/pu-period (if a period is a year, then the units would be $/pu-year). It can be obtained as the slope of a line from the origin to the peak point on the unit’s cost-rate curve and then multiplying by the number of hours in the period. This is illustrated in Fig. 1 below. We use average cost instead of marginal cost here because we want to reflect the total costs over the time period and not the cost of the next MW produced.
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Fig. 1: 

· PGk(t) is the generation level for this unit at period t loading conditions. It can be treated as a known quantity and determined in advance by the following 2-step process:

· Determine unit commitment: Perform a merit-ordered unit commitment of the units based on Ck(t), k=1,…NG, where NG is the number of units.
· Determine dispatch: Perform an optimal power flow calculation.

· If generation levels PGk(t) are determined in advance of solving the optimization problem, then the problem will not be very interesting since we need only minimize investment costs, for which the solution is to clearly not build anything.  Alternatively, and preferably, generation levels PGk(t) may be treated as decision variables and determined as part of the solution to the optimization problem. In this case, the resulting solution will provide an optimal transmission plan and dispatch for the given loading condition. The difference in these two approaches is that the latter approach considers the interdependency between the transmission plan and the optimal dispatch, i.e., the transmission plan affects the optimal dispatch, and the optimal dispatch affects the transmission plan.
· β(t) is the discount factor for period t.
With these definitions, we can express the aggregate production costs in the planning horizon, CE (where E is for energy) as:
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(8)
We note that the decision variables in eq. (8) are continuous.

· Aggregate facility investments costs in future periods: We make the following definitions:
· Kb(t) is the investment cost of line b in period t.

· An is the set of candidate circuits (n is for “new”)
· Zb(t) is an integer 0 or 1. It is 1 if branch b
[image: image3.wmf]Î

An is put in service during period t, and 0 otherwise.

· Sb​(t) is an integer 0 or 1. It is 1 if circuit b
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An is put in service before or during period t, and 0 otherwise. Therefore
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(9)
With these definitions, we can express the aggregate investment costs in the planning horizon, CI, as:
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(10)
The objective function of our optimization problem can therefore be formulated as the sum of the aggregate production costs and the aggregate facility investment costs, according to:
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(11)

4.2 Constraints
The formulation of the equality constraints is a little challenging to follow. You are encouraged to study this section carefully to fully understand the model.
The equality constraints that we need are those which will force the solution to satisfy electrical laws associated with how the power flows in the network. This, you will recall, is accomplished by enforcing the DC power flow equations. 
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There are two complications, which we discuss in the following subsections.

4.2.1 Changing loading conditions: 

The loading conditions will change from time period to time period. Therefore we need to write a distinct set of network equations for every time period in the optimization. No problem – we can do that.

4.2.2 Changing topology: 

The elements of B’, D, and A depend on the topology of the network. In fact, the dimension of D and A depend on the topology of the network. And if we allow the expansion plans to include construction of new substations (nodes), the dimension of B’ also depends on the topology of the network. 
Yet the problem we are trying to solve is exactly “what should be the future topology of the network”! Therefore we cannot formulate any of these matrices until we have the solution, a condition which seems to eliminate our use of these matrices in the solution procedure.

So how to enforce the network flow equations?

One approach is to 
(a) Construct the matrices so that all possible expansion plans are modeled, but individual elements of the matrices are made to be a function of a binary integer variable. 

(b) Solve the resulting optimization problem.
For example, in the network of Fig. 2, we may like to consider an expansion plan that includes a new line between nodes 2 and 3, shown as a dashed line. 
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Fig.2

If we assume that the new line will have the same admittance as the existing line between nodes 2 and 3, then we can write the (full) B’ matrix as:
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Here, Z is a binary variable that is 1 if we accept the new line and 0 otherwise.

The problem with this approach is that the equation P=B’θ then contains terms that have products of Z and θ2, and Z and θ3. This is a nonlinear integer programming problem, since it has product terms, and as a result, is quite difficult to solve.
So we must take a different approach
4.3 Formulation of linear integer programming problem for expansion planning: 

Each branch must be assigned a direction so that it has a “begin” node and an “end” node. All branches, existing and candidate, are modeled with the below nomenclature. “Candidate” nodes (new substations) are also included.
All of the below variable definitions should also have dependence on t, in order to indicate that there is a unique set of variables and corresponding equality constraints for each time period t. 
· Two variables for each branch flow:

· 
[image: image12.wmf]b
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is the flow on branch b if that flow is in the defined direction.
· 
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 is the flow on branch b if that flow is opposite to the defined direction.

We require both 
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 to be nonnegative, and if one of them is non-zero, the other one must be zero.

· Begin and end nodes for branch j:

· Bb : This is the node from which branch b begins. 

· Eb : This is the node at which branch b ends.

· θBb is the angle variable at the begin node of branch b.
· θEb  is the angle variable at the end node of branch b.
· PDk is the demand at node k.

· PGk​ is the generation at bus k (previously defined).
In addition, we make three definitions that are independent of the time period. They are:

· Xb : The branch reactance associated with branch b. 

· Ae: The set of existing branches.

· An​: The set of candidate branches (previously defined).
We may now write down the equations necessary to enforce the network flow equations while keeping our equations linear in spite of the presence of the integer decision variable associated with each candidate line.
But first recall the matrix relations for the DC load flow equations given above
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Equation (12) is all that is necessary to identify a unique network solution.

The node-arc incidence matrix is useful in relating branch flows to injections. Specifically, we have that:
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Fact A: We may obtain eq. (12) from eq. (13) and (14). 
Proof of Fact A: From eq. (14), we have
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Equating the right-hand-side of the last equation to the right-hand-side of eq. (13), we obtain:
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It can be shown that the term in brackets is actually B’ (try it for yourself with a small sample problem, to see if the expression in brackets gives the same thing as B’). Therefore,

[image: image21.wmf]q

'

B

A

P

A

=


From the above, it must be true that
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which is eq. (12), and this proves Fact A, that eq. (12) may be obtained from eqs. (13) and (14).
The significance of Fact A is that we may write the equality constraints to implement the DC load flow solution as two sets of equations, one set for eq. (14) and one set for eq. (13).
The first set corresponding to eq. (14) is as follows:
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We note with respect to eq. (15) that

· The first summation corresponds to the flow on all branches that begin on node k.
· The second summation corresponds to the flow on all branches that end on node k.

· No branch will both end at and leave from node k, therefore, for any node, each branch connected to it will only appear in either the first term or the second, but not both. Furthermore, as previously indicated, both Pb​ and Pb’ cannot both be nonnegative.

The second set of equations corresponding to eq. (13) are as follows.
For existing branches (
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For candidate branches (
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These equations need explanation, but before we give that, we introduce inequality constraints.

For existing branches (
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For candidate branches (
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We also need to constrain the generation levels:
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And finally we constrain all variables to be non-negative:
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Recall that Zb(t) is the integer decision variable that indicates branch b is installed in period t  (Zb(t)=1) or not (Zb(t)=0), and Sb(t)  is integer variable that indicates whether branch b has been installed during any period 1, …, t (Sb(t)=1) or not (Sb(t)=0). The Ub is a continuous fictitious variable included in the decision vector. 
When Sb=1 (branch b is in), then eqs. (18, 19, 20) reduce to
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Equation (18a) is just the line flow equation for branch b, and eqs. (19a) and (20a) constrain Ub to be exactly zero.

When Sb=0 (branch b is out), then eq. (18) reduces to
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(18b)

(because eqs. (22) and (24) force Pb and Pb’ to be zero when Sb=0.), and eqs. (19, 20) reduce to
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Equations (18b and 19b) indicate that when the angular difference  
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lies in a closed interval [-G,G], (i.e., -2π to 2π), there always exists a variable Ub such that eqs. (19b, 20b) hold. That is to say, if the value of G is large enough, eqs. (18b, 19b, 20b) put no restriction on the angular variables. This is desirable in the case of Sb=0 since in this case, branch b has not been included in the network! 
We could also choose G=1000, and the procedure would work.

Summary (We include notational dependence on t here)
Minimize:
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Subject to 
Equality Constraints:

For existing branches (
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For candidate branches (
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Inequality constraints: 

For existing branches (
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For candidate branches (
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For generation levels:
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Non-negativity:


[image: image57.wmf]0

)

(

),

(

),

(

),

(

'

³

t

t

P

t

P

t

P

k

b

b

Gk

q






(24)

Final comment: If the planning horizon contains only 1 period (Nt=0), then Sb(t)=Zb(t), and we may eliminate eq. (20) and replace every occurrence of Sb(t) in our formulation with Zb(t). Application of this fact will make the homework assignment a little simpler.
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